82  TReal Numbers
2.1 Construction cf (3
Construction cf R :

0 Completion of Q.

R%ard Q as a wetvic Space.  witth ckx,a) = Ix-na|, define R +o ke +the Covwrle'('.iovx 4 |.
(Refer +o )

2) Pxiomatic PrFFvoa.cl'\ :

("Rovgl«lg sreakina :_impose [ assume. properties we. need )

> Feld axioms / Alsejamic 'Fw]:erbis
Feld axioms / Alsdomic 'Fm]:erbi@ :
®R,+,-,0,1) eﬁwrs with additions + and W“(‘.iP|icctUoV\ - that sa(:‘usj%=
A (Commstative law) atb=bia For all abeR.

(AY) (PAssociative. law ) (a+b)+c = a+(b+c) -for— al a,b,ce®R

AR) (Existence cf o) there exsts 0eR such that a+o=o+a For all acR

(M) (Existence of ackitive inverse) For all acR ,Hhere edsts beR such that
a+b=bt+a=0

M) (Commstative law) a-bsb.a For all abeR.

M) (Associative. law) (a:b).-c =a-tb-c) for all a.b,ce®

™M) (Existence :rfl) there exists 1eR such that a:-l=1:-a —for- all ackR

™) (Existence of muJ'(:iPlica'(:‘Ne inverse ) ‘for all _aeR\{c}, -Hhere exists beR such -that

a'bﬁ‘b'a=l
(D) (Distributive law) A -tbred=a-b+a-c and (bted-a =b.a+c.a

-for- al a.b,ce®R

ldea : Fovset eve_\r%t\r\inj youn learned before _start :)emwx +hose axioms (‘EL\?V\SS accqs%ed

‘o be true) and prove 'H/\‘WSS 8ou SvsFe.c(: +o be true .




Theorem :

) (va'nclueness c-f acditive nverse.)
B b.ceR ar adlitive nverses cf aeR . then b=c.
(Therefore _we denste 1€ by -2 )

b) (Uvﬁc[uemess c-f mubtiplicative inverse.)
B b.ceR ar mubiplicative inverses cf aeR{o} , then b=c.
(Therefore e denste 1 by a' or £)

'Fmof :

) 'Ea aaswv\'lsblovx, a+b=b+a=0 and a+c=ct+a-=o0
Now, <C=o+c A
=(b+a)+c
= b+tasrad (A
= b+o
= b AR
S b=c
) Exercise !
Theorem :

) (Ov\'-ctuevxess cf o)
§ zeR such Hwt z+azo For all ack . then 220
b)(Ovﬁctne.V\ess cf o)
B ueR such that w-a=a Sor all ack . then us1 .
) ¥ aeR , a-0=0
‘chf cfcc%
a+Q.0 =a-l+a.o

= a-((+0)

a-l

a

(ca)+a+a-0:=-a+a
Qa-0:=0

(Think - Whazt. do we wuse i eadh s(:e:{>’?)




Theorem :

(f Q-L>=0 ,'H/\eV\ e‘:&!r\e- Q=0 or L::O .
st

te svﬁztces +o show «j’- a#o , then b-o.
Bé asswaETot'\ , a-b=0

= (ab)=%-0o

(—cl,: -a)-b =0 M2 and 'F«Yev'lovs “reorem )
(‘b =0 (H4)
b=0o M=)

Exercise : Show Hhat D -¢D =1

Definrtion :
- (Subbraction)
¥ a.beR , a-b is defined as a+Ch .
- (Division )
¥ aek and beR fo} , a+b is eleﬁv\ed as a-E) .

(i) Order 'FvoFer(:ies of R
Order 'Fvorer(:‘-&s of R
There is a subset PsR , called the set of postiive real numbers, that satisfies
- a.belP = atbeP
- a.beP = abeP
* (Trichotomy property) i aeR, then exactly one of the Following holds :

acae® , a=o , -aeP

Theorem :

leTP.

procf

B3 the last 'PruFefba_ ard the Fact that O# 1. we have etther (€T or -l€P

However, #f -1eP . then = DD &P (Contmdiction)

'Q (w\ma 2 Exevdise ()



‘Definrtion -

lf a.beR,

* B a-beP , then we write a>b (a“(sgvazter than b) or beca (b s less than a).
- 1§ a-bePuiel, then we write azb or b=a .

—rric‘f\dboma -FvoFerba con be refwvnu\la-(:ed as :
(f a.beR, then em.c(:lna one cf +the -follmina holds -

a-beP, a-b-o ,-@-b)= b-acP
'Q (wwa 2 Exevdise ()

ie. a>b , azb , a<b

Theorem :

let a.b.,ceR, then

- a>b and b>c = a>c

- asb = a+c> b+e

- a>b and c>o = caschb
a>b and c<o = ca<cb

'Fvoof : Exevcise !

Theorem :
aolf aeR\fol ,Hen a=a.a>0
b lf nemN ,thea nso

procgof b

Mathematical lnduction .

Exercise. :
b} (f aeP , show that LeTP.
) Ifaw,skow that L <1 .

) (-f a.beP ad a6 . show Hat asb .



_n'\eorew\. :

lf aeR such that o0sa<c for- evev-a €s0, then a=-o.

proof:
SWFFose. a>o .,
[dea - —
() o
take f-laso ,then we Set conbradiction .
Main_issues : wl'% a>ta?

l-o=1leP
Il >0

A=(+l >0+ =1
2> |

(>4 (—Bia_ previous _exercise )

arta

—n’\QDYEW\ 5

If abs>o ,then etther a,b>o0 or a,b<o .

Cii) ComFle-(:eness -Fmreréies f R

Definrtion :

let S be a nonem‘Fbj Subset cf'lk.

- S is said +to be bounded above (below) .f there exists ueR (LeR) such +that ssu (L=s)
—for- all seS . Each tn () is called an upper bound (a lower bound ) of S.

- S is said to be bounded # 1t Is both bounded above and below.

- S i bownded above (below) , then ueR (LeR) is said +to be a Supreman Cinfimum)
or a least ipper bowsd (greatest lover bound) of S # 1 saticfies
(U () Is an upper (a lower) bound cj? S,
@ W () is an upper (a lower) bowd of S, then usu (L<d).
We dencte u and L by e S and inf S (Bu Slr\o»o'ms +the bniqueness of them) .



Lemma : (Atemative defirition csf Supremum )
Le(:Sbe.anonemFbj Subset cf'(R

sup S = u rf and onla rf u_satisfies

(> ssu For all seS (e uisan upper bouwnel )

G B veu . then there exsts s'eS such that v<s’
(Remark.: How about. inf S 2

[dea :

vV sup S=u
S ancther
T bownd E
SI

s

W e A trivial

Q) S ) cowbrarcs'r(:lve

Lemma : (Another altemative. defiition )
Lz(:Sbe.anonethj sSubset ofTR

spS cu 1§ and only lf . satisfies

(> ssu For all seS Cle w s an upper bouwd )

G for dl er0 ,there edsts SeS  swh that u-e<s
precf

Qe @) : Consider £:=u-v C(ie. v=u-2)

Examl:le :

Let S={xeR : %<1}, show that SMFS-I.
w C|ea.r‘{%. , |l is an upper bound sf S.
Q) lLet €50, then -take s:l-—i—eg .We have |-€<s

suPS-l X
(Note (¢S, te suFS is NST V\ecessava mn S

Com-Ple'Eeness 'Fvo]xr(::es cf R:
S s a non subset R and ™ s bounded above , then sup S exists .
emFba P



Pxiomatic  Construction cf R:
The. set cf all veal numbers R, that has (is assumed +o have) the followﬁnj ’FquexﬂG :
W) Feld axioms / Alsdomic ‘FH:FQY‘(:(&S

@) Order ‘Fvo]xr(:?&
@) ComPle'Eemess -Fmre«(:m

Exercise. -
Prove that
D Sisa V\ov/\etha subset c_f R and 1t 15 bounded below, then i€ S exists.
CHivk : Consider -S = {-5:5eS})
DK AadBae ronempty  Subsets of R and asb Hor all aeh and bebk,
then sup A s\wf'ls.
2 #§ S s a nonemphy subset F R and t is bowded above , then sup (a+S) = supS +a

where a+S = {a+seR : se3

2.2 Prchimedion ’PmFevba and Related AFFI:m-aon

Theorem : (Prchimedion Pv-uFevba)

B eR , then thee edsts el such dwab x<ng .

‘Fvoef':

SV\FFOSQ the conbany . x2n For all neN  Cie. x is an upper bouwd of N
Ba comrlctewess 'FvvFerha,-H:\ere edsts  w=supMN.

UL:-\ (A=|swl> N x
f

Wn-1 is NoT an U\H>er botnd
213

X

meiN

1} ~

W-1 U\=|$U(F N 72

there axists melN  such that  m> u-|
ie. W\+l>M=SU\FN Conbradiction !



CO"D"C!YTa_:

l‘f S {:neNy | Hden MfS:o

procf

S s V\ovxem]:ha and  bouded below '°2s (o)

Bé RArchimedlion "FvoFe\'ha s Jfm" al €>0 , there exdsts neMN such Haat J€<V\ (Le.—‘ﬁ_<€)

OS_V(\_<€= o+¢

" lnfS=o.

Frbm'H/\e'Fmof,we con also observe -that
|'f €50 , there exists ngeN such that o<ﬁz<i..

Covolla«a : C'Reflned statement, cff Brehimedian 'FvvFer(:a)
l-f Y>o . there exists V\‘aeN such that Ny-lsys iy .
oot

Let E.3={W\GN : 16<W\'5

l&m:

Lgl_l (é Lé.\-n Lé.!-n. .. € E.a [ :floor- -_ﬁmc-l:"ov\ “that gives the lavses(:
"‘&T" i‘& 'mteser not 3rea€er that =« (e lxls=)

Main issue : How o show the exstece of ny 2
Avrchimedian "Fvurerba > E,3 £

wellovcleviuﬂ 'FroFertg cf N = E|a has a least element Ny
Then n.a-l¢E5 and so V\.a-IS%

Bxistence of y :’Bxa Archimedian "Fvulxrha
V\.a—( “ V\% hl\(aeE.a Bxistence cf V\a :'&a well omlenuﬂ ‘FmFertg




]
—ﬂm_eﬁss_a;lms]ﬁ:@__ceal_nmher < swch Babe =
'Brode:

)

(Whida leads combadiction )

'ghnd nenN such -Hhat ('1_-J—,1 )‘ ;t').
J

Lol 2a
D+ > )+ L :.E

[T

CK)




Theovem : (B 1s dense in R)

oo Nnwu.
g
Hrere exists melN suweh Haak nx<me< nu
1<_‘M_<M
w
Similar re®  What we need !
Theorem :
i <x.ueR ond x<y then -there eﬂSﬁs_‘P_E.RlQ_Smdajod:_'zLS‘FsJa—
J [e]
'DYDQ‘P:
| J
2 is vabional (o 2D
9
| L L n
M Ys
levxs(-l« (‘a-x)>l
""775_ V\Ia./—
~< B o,
wA d
1
s eR\R
P

Same ek !




23 lrtervals

Noteations :

lf a<b ,then

@.b) = fxeR : acx<b} Open interval

[a.b]l = fxeR : asxsb} closed wdevval Fintte lnterval

@abl={xeR : acxzb? ~ /
hal‘f orFen (closed) wterval

[a,b) = fxeR : asx<b? 7

(a.®)= fxeR : aex}

infinrte oFen ntevrval
Coo.b)= fxeR + x<bl s

Note : ®,-o¢ R , ONLY convertion.

Characterization Theorem :

lf SsR that contains at least ~+wo -Fo‘nw(:s and has e "F\’bFe\’ba
1,16e3 and x<y = [x.ta]sS — (k)
HHen S is an interval .

Hea: Can S be such a subset of rR >
S

= 1y

a

No ! Theve exists x,%eS with sy ad ae Ex.yl such that a ¢S .

'-va?erba ®) governs that. S must be ‘\'Some‘dnivwa nice (an nterval ) .

preef-

There are 4 cases :

() S s bounded |, let Q='M53 and b=SMFS , then S=(.b) or [akl or [a.b) or (a.b]

@ S is bounded above but NOT bowded below , let basupS , then S=Ceo,b) or (-00.b]
@) S is bounded below but NOT bownded abeve , let a=ivf$ . then S:(a.») or [a.x)
@ S s wnbowded | then S =R =(¢ow0. o).

Beercice !




Deflrtion -
A Sequence cf bervals Tn . nelN , is said 4o be nested nf T2T2T2 - 2T2Twm>

(Heve . T, is NoT necessary “+o be closed )
I

1
/—_A—_\
&+ -3—3
I

B«zwqﬂes :

b} If Tn=T[o.£1 , then the Sec(wewcg is_nesked . Furthevmore §L=fo} X

2 If Tnz=(0.35) | then the Seﬂu\emg 8 hested. However i\l]‘,\acﬁ

“Theorem : (Nested lrrterval 'Ho?er(:a)
|f In=[an..b.d, neN . s a nesked Sec]o\ences cf closed intervals ., then there eodsts -Pe'R

such st peTa For all neN.

presf

Let A= {an:neN3 B ={ba:nen

Exercise : Show that - A s bouwnded above Cbé D)
- B s bounded below Cbé a)d
+asb For all aeh .beR

SuPA lﬂfB
o o o b b

r ]
3

SKFA and Mf'B exist and suFAs’m-f'B
Exevcise : Show Hhat -fcr all 'Fe[s,?H,lwa] , 'PGI.\ 'fbr' all nei.
(Ps we can see P is NoT U\V\Iﬂue, bust b s tHhe case 1f we. —ﬁ,«rﬁr\e\»— ‘nwrFose_ a_condtbion )

“Theorem:

Furthermore . .f Mf{lon-aﬁo'l ,then there edsts unigue. 'Fe'k Such that pela For all neM.
proc

Suﬂmse. 'FcLeI.. -‘f‘w all neIn and P=q - ie. a.\sPsa‘slo“.

Then 9-P s bn-an -fov- dl neN , je. 9-P 1 a lower boud cf {bn-an : neM}

'Tkeyefbre , Os C(-Fs ’mf {bn-an : neMN} = o
" c(-P =0 , le. c'(:“>



Theorem : (Oncowstabitiby, of &)
The set R B uncountable .
]l:u:uj;ﬁtces o show [e.17 s wncourtable .
S.AFFose the cmbm—a , I s cowstable and T={x %, Y.
Consbruct a sequence ojz cosed intervals :
S:EeF {: Cloose T, €T:lo,d Such Hrat = ¢ T, (How ?)
lndinctive step . Qroose TaS 1 such that TnsTar and xag Lo Chow?)

Bé +the consbruction , Tn is a nesked seﬁuehce. cj? ntervals .
= there exists pel such that 'FeL for- all_ neN .

However 'FeI = P -fcr- some. nelN
CConbrachicts +o prxag T.)

Eivwma 'Refresen(:artton

Exnmr\e :

0.625 eTo.(]

{
T+%

1 1y 1y 1,
'x'::. +ox(_>_) + [ x(,l) +oxc>_) +

. 0.625 lhas a )oinana representation (fo100-:); (Remark . o.lol, in S’eccnda.ra school )

Theovem :

(f «€lo,1] ., then there exists a Sequence. {fa.l c‘f 2zevos or ones  such that
Q Q a (
EL"'%*"”"'?‘!\ st?"’%"'"""ﬁ{:_ 'for all neN .

[n this case, we write % =(A0a Q-



proof

Idea : B’(Sec‘(joh!
et xelo,1]
S‘(:zr [ E — % 3
o L (
LEt 1( = [Dl lj

% lies on -the ﬁakl-, subinterval of I ., then we take a,=1
x

S 3 S S

let T,-CLa,La+enl =TL 1]

% lies on -the |efb subinterval cf I, . then we +take ay=0.

'ReFeabVS T [D+Se.. 2 G ,%+—§_§+---+3§_’,‘(—' 1
and Qpy is determined 'oa whether . lies on the lefl: or v-iskt Subivttenval cf L.
The resutc -follows -f\—cm e -fac-(: that xel, 'fb\" al neN.

Onlla “‘ouble :

[l tv3
T

L 2
DY

[T

O2=0 or | 2
Cov\sec\we_noe i 0.625 = (lolooo- )y OR
(loot 1 -2y

'Bimra reFraewEatiovx is NoT wﬁc.lu.e .

However |, cOv\versela , aivev\ a sequence / rq>resaw&n:hov\ €Q,8.85-::)y , Tk ccvmesrow:ls +o a

w\ique veal number in To. (1.

k)ha? SIMFha becavse of'ﬁr\e nested ‘vaFerba cf ®.

E%E\"CTSQ :

Fiswe out —the decimal reFreSewEa:Eion.
Remark : Think wl\na oa9a...= | 2



